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Abstract

The importance in finance and economics of real interest rates of short and long matu-
rities contrasts with our limited understanding of their economic foundations. We provide
a theoretical analysis of the implications of monetary policy on the real term structure of
interest rates and the inflation risk premia in nominal bonds. Monetary policy has real ef-
fects in an economy characterized by recursive preferences, product price rigidities, and a
nominal interest-rate policy rule. Productivity growth shocks and policy shocks generate a
positive covariance between output and inflation, affect the marginal utility of consumption
in real and nominal terms, and thus the joint dynamics of real and nominal bonds. Welfare-
improving policies imply more negative term premia, less negative inflation risk premia, and
a higher correlation between real returns on real and nominal bonds. As a result, more
responsive monetary policies reduce the government borrowing savings of nominal vs. real

debt, and reduce the diversification benefits of real bonds.
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1 Introduction

The concept of the risk-free rate plays a fundamental role in asset pricing, corporate finance, and
macroeconomics. This rate contains significant information about the stochastic discount factor,
represents a benchmark return to understand the valuation of risks in financial assets and the
cost of capital of investment projects, and provides a measure of the willingness to substitute
consumption over time in the economy. A truly risk-free rate is riskless in real terms rather than
in terms of money since the value of consumption in terms of money may vary over time. Nominal
rates then may command a compensation for changes in this value, or an inflation risk premium.
In spite of their importance, our understanding of the economic foundations of the risk-free rate
and the inflation risk premium is very limited. This paper provides a theoretical analysis of the
term structure of real risk-free rates and the inflation risk premia in nominal bonds, their link
to monetary policy and welfare. The analysis is used to provide insights into the volatility of
long-term real yields, the government borrowing costs, and the diversification benefits of real
bonds.

Monetary policy is a natural element to incorporate to the joint study of the real yield curve
and inflation risk premia. The two most common objectives of monetary policy are to promote
conditions for price stability and maximum employment. The policy then becomes a determinant
of inflation and economic activity, whose effects may be reflected on real and nominal interest
rates of short and long maturities. Since the inflation risk premium is a compensation for risks
that simultaneously affect real and nominal variables, monetary policy is potentially an important

driver of this premium.

We model a production economy characterized by a representative agent with recursive pref-
erences, a production sector with nominal price rigidities, a monetary policy rule, and two sources
of uncertainty. Recursive preferences allow us to break the strong link between risk aversion and
intertemporal substitution implied by preferences with constant relative risk aversion. It gives us
additional flexibility to simultaneously capture asset pricing dynamics and macroeconomic behav-
ior, as shown by Tallarini (2000). Nominal price rigidities generate real effects of monetary policy.
In the absence of price rigidities, the dynamics of real yields is completely independent from mon-
etary policy. The policy is modeled as a rule to set the short-term nominal rate as a function
of current economic conditions. It allows us to analyze the impact of different policy responses
to the state of economy on real yields and inflation risk premia. The two sources of uncertainty
are shocks to productivity growth and shocks in the monetary policy rule. Equilibrium in the

economy implies affine term structures for real and nominal bonds where the driving factors are



productivity growth and policy shocks, and the loadings on these factors depend on preference,

production, and policy parameters.

Monetary policy in the model economy has effects on short- and long-term real bonds, the
inflation risk premium, the volatility of long-term yields, and the correlation between real and
nominal bonds. As a result of distortions in production generated by price rigidities, the dynamics
of the short-term real rate is affected by productivity growth and policy shocks. Negative shocks
to productivity growth or negative policy shocks decrease the level of the short-term rate. These
shocks reduce consumption and imply lower real yields for long-term bonds. That is, the price
of long-term real bonds and the marginal utility of consumption are simultaneously high. Real
bonds then involve a negative term premium since they provide a hedge for consumption risk. The
term premium is sensitive to the response to economic conditions in the policy rule. A stronger
response to output and inflation imply lower distortions in consumption, which translates into
more negative term premia. The inflation risk premium in the model is also negative. This is
the result of a positive covariance between inflation and output induced by shocks to productivity
growth and policy shocks. This covariance declines as the policy rule becomes more sensitive to
economic conditions, implying a less negative inflation risk premium. The volatility of real bond
yields is also affected by the policy. Policy rules with a weak response to inflation and output
imply a significant volatility in inflation and consumption which in turn implies high volatilities
for real and nominal yields. When the responses in the policy rule increase, distortions in output

and inflation are smaller and the volatilities of real and nominal rates decline and tend to converge.

Campbell and Shiller (1996) propose evaluating the convenience for the economy of indexed
bonds in several dimensions. We use our economic model to link three of these dimensions to
monetary policy and welfare. First, in the absence of real term premia (relatively constant real
rates), a short-term nominal bond involves investment opportunities similar to those of long-term
bonds. However, the negative term premium in the model imply that long-term bonds provide
advantages over short-term nominal bonds since they allow investor to hedge the risk of changes
in real rates. The term premia become more negative for stronger responses of monetary policy
to economic conditions, which in turn increase welfare. Therefore, the benefits of long-term bonds
are higher in economies with higher welfare. Second, the inflation risk premia can be seen as
the difference in real borrowing costs for the government of issuing nominal bonds over issuing
real bonds. Since the two shocks in the model imply a negative inflation risk premium, nominal
bonds represent a cheaper financing option for the government over debt in real terms. The

savings for the government are higher for policies that involve lower welfare. Third, we provide



a partial analysis of the diversification benefits of real bonds considering a constrained investor
who has access to a nominal bond and a real bond. The correlation of real returns of nominal and
real bonds increase as the response to inflation and output in the policy rule increases. Therefore,
access to a real bond is more valuable for the constrained investor in economies with low responses

to economic conditions and low welfare.

Related Literature
[TO BE WRITTEN] Campbell and Shiller (1996), Campbell, Shiller and Viceira (2009), Ang,
Bekaert and Wei (2008), Rudebusch and Swanson (2009).

The paper is organized as follows. Section 2 presents some descriptive statistics for nominal
government bonds and treasury inflation protected securities. The principal component analysis
in this section shows that two factors capture most of the variability of nominal and TIPS yields.
Section 3 describes the economic model and its equilibrium conditions. Section 4 shows that the
real and term structures of the model can be characterized as affine term structures and provide
the parameter restrictions imposed by equilibrium. Section 5 presents the analysis and section 6

concludes. The appendix contains all the proofs.

2 Some Descriptive Statistics

The data consist of United States time series for real and nominal bond yields, consumption,
and consumer prices from 1999 to 2008. The term structure series was obtained from monthly
data on bond yields for yearly maturities from 1 to 20 years. The nominal and real yields are
obtained following the procedure in Gurkaynak, Sack and Wright (2006) and Gurkaynak, Sack
and Wright (2008), respectively. These data are published on the Federal Reserve website. The
short-term nominal interest rate is the 3-month T-bill from the Fama risk-free rates database. The
consumption growth series was constructed using quarterly data on real per-capita consumption
of nondurables and services from the Bureau of Economic Analysis. The inflation series was
constructed following the methodology used in Piazzesi and Schneider (2007) to capture inflation
related to non-durables and services consumption only. TIPS with maturities between 2 and 4
years are only available since 2004. Table 1 reports the average yields and the standard deviation
of yields for TIPS and nominal bonds. We report statistics computed for the sample 1999 — 2008
and 2004 — 2008, given the concerns about liquidity in the TIPS market in the early period.
The table shows upward sloping average curves and similar volatilities for TIPS and comparable

nominal bonds. The nominal yield curve is steeper than the TIPS curve. A positive average slope



Table 1: Average Levels (%), and Standard Deviations (%) for U.S. Government TIPS and Nom-
inal Bond Yields

1999 - 2008 2004 - 2008
Real Nominal Real Nominal

Average Yields

2 years 3.79 1.22 3.64
D years 2.30 4.32 1.60 3.98
10 years 2.66 4.97 2.00 4.54
15 years 2.78 5.31 2.15 4.86
20 years 2.81 5.41 2.17 4.95
Standard Deviations

2 years 1.50 1.06 1.09
5 years 1.11 1.05 0.63 0.65
10 years 0.87 0.73 0.34 0.33
15 years 0.77 0.62 0.25 0.29
20 years 0.75 0.58 0.22 0.32

for real bonds represents a significant challenge for consumption-based asset pricing models.

Table 2 shows the variability of nominal bond and TIPS yields captured by their three principal
components when these components are computed for TIPS and nominal bonds separately and
jointly. The fact that the two principal components in the joint analysis can capture most of
the variability of TIPS and nominal yields suggest a two-factor model to understand the joint
dynamics of nominal and real bonds. Section 3 presents an economic model that implies the
two-factor equilibrium affine term structure model for nominal and real yields presented in section
4.

3 Economic Model

We model a production economy where households derive utility from the consumption of a basket
of goods and disutility from supplying labor for production. The production sector is characterized
by monopolistic competition and nominal price rigidities. These rigidities generate real effects of
monetary policy. When some producers are not able to adjust prices, inflation generates distortions
that affect production decisions. Since inflation is determined by monetary policy, different policies

have different implications for real activity, and real and nominal interest rates for all maturities.



Table 2: Variability (%) explained by the three principal components for U.S. Government TIPS
and Nominal Bond Yields

1999 - 2008 2004 - 2008
Real Nominal All Real Nominal All
1st 98.04 78.46 81.88 90.41 70.63 75.63
2nd 1.92 20.89 15.50 9.09 28.33 21.2
3rd 0.03 0.44 2.05 0.44 0.53 2.19
Total 99.99 99.79 99.43 99.94 99.49 99.02

We model monetary policy as an interest-rate policy rule that reacts to economic conditions.?

3.1 Household

The representative agent in this economy chooses consumption C; and labor N; to maximize the

Epstein and Zin (1989) recursive utility function

Vi = {(1 — B)U(Ch, Np) ™ + BB, [V i_f}lw ’ (1)

where 0 < 3 < 1 is the subjective discount factor, ¢~! is the elasticity of intertemporal substi-
tution, 7y is the coefficient of relative risk aversion. The recursive utility formulation allows us to
relax the strong condition v = v implied by constant relative risk aversion. The intratemporal

utility of consumption, C;, and aggregate labor, IVy, is

1
Ctlfw Nt1+w> -9
)

where w™! is the elasticity of substitution of labor. The consumption good is a basket of differ-

entiated goods produced in a continuum of industries. Specifically, consumption of the final good

1 0—1 0-1
Cr = [/ Ct(j)edjl ;
0

!The model can be seen as an extension of the standard New-Keynesian framework (see Woodford (2003), for
instance) that incorporates recursive preferences for households.
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where 6 > 1 is the elasticity of substitution across differentiated goods, and Cy(j) is the consump-

tion of the differentiated good j. Labor is the aggregate of industry labors given by

1 o
Nt = |:/ Nt(j)l+wdj1 .
0

The representative agent is subject to the intertemporal budget constrain

E < E,

9

0 1
Z Mtgit—&—s (/ WH-S (j)Nt+5 (])d] + Pt—&-sq’t-i-s)
0

s=0

oo
$

§ Mt,t+sPt+sCt+s

s=0

where Mf;t +s is the nominal discount factor for cashflows at time ¢ + s, I is the nominal price of
a unit of the basket of goods, W;(j) is the nominal wage earned in the production of good j and

U, is the aggregate profits from production.

The appendix shows that the household’s optimality conditions imply the one-period real

stochastic discount factors given by

_ Y=y
Cr1) " Viga
M, = 2
t,t+1 ﬁ( Ct ) Et[‘/;};l’y]l/(lfw ) ( )

and the nominal discount factor

P -1
t+1
Mt$t+1 = Mt,t+1 ( ) . (3)

The real and nominal discount factors allow us to price real and nominal default-free bonds in

section 4. In particular, a one-period nominal bond has the price
et =E [MEHJ ) (4)

where the one-period interest rate #; is the instrument of monetary policy.

3.2 Firms

The production of differentiated goods is characterized by monopolistic competition and price
rigidities. Producers have market power to set the price of their differentiated goods in a Calvo
(1983) staggered price setting. That is, a producer is able to change the product price at any
period of time, with a probability 1 — a. When the producer is able to adjust the price optimally,
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the price is set to maximize the present value of profits. The maximization problem can then be

written as

{P()}

max [ {Z o My, [P(5) (1) Yirste () — Wigsle () Nissfe (5)] } ;
subject to the production function

Yipolt(§) = ArrsNegspe(4),

and the demand function PG (I y
. t\J
Viewrli) = (HHEL)
The objective function captures the idea that the producer takes into account the probability of
not being able to adjust the price optimally in the future. In such a case the price is adjusted
to incorporate the constant target inflation II*. The only-labor production function depends on
labor productivity, A;. We model productivity growth, Aa; = log A; — log A;_1, as the exogenous
process
At = (1 — ¢a)00 + GaAas + 0g€a i1,

where ¢, ~ IIDN(0, 1).

The appendix shows that the solution to this maximization problem involves solving the equa-
tion

140w

1 I —(1-9) 1-9 .
[1 — (1 — X (H—i) Ht = Xt —Hth, (5)

where X; is defined as the deviation of total output, Y; from the “benchmark” output resulting

from an economy under flexible prices, Y;f . That is,



The processes H; and G, are described by the recursive equations

i Yier (Tt )’
Ht = 1—|—C¥H*]Et ME tH1 (il) Ht+l

Hly, I ’
x | Yior [ Xe ot iy o)
and G, = 1+ oll'E, MEHT( X, o Gl
respectively.

3.3 Monetary Policy

We model a monetary authority that sets the level of a short-term nominal interest rate. Monetary

policy is described by the policy rule
I =1+ 2T + 2Ty + Uy, (6)

where the one-period nominal interest rate, i;, is set responding to aggregate inflation, the output
gap, and a policy shock u;. The coefficients 2., and 1, capture the response of the monetary

authority to economic conditions. The policy shock follows the process

U1 = ¢uut + Ou€u,t+1,

where ¢, ~ IIDN(0, 1).

3.4 Equilibrium

Equilibrium involves solving for allocations and prices that simultaneously satisfy the system of
equations formed by the household’s optimality condition (4), the firm’s optimality condition (5)
and the monetary policy rule (6), subject to the equilibrium constraints that consumption has
to be equal to production (Y; = C}) and labor supply has to be equal to labor demand. The
dynamics for equilibrium quantities and prices can be described in terms of productivity growth
and policy shocks. In particular, the appendix shows that, up to an approximation, the output

gap r; = log X; and inflation m; = log P, — log P,_; follow the processes are presented

Ty = T4 x.Aap + Ty,

and m = 7 47T+ m,Aap + Ty,



where the coefficients are constants that satisfy the equilibrium conditions and depend on deep
economic parameters. It follows that output growth Ay, = log Y;f — log Y;Ji ; can be written in
terms of the flexible-price output growth Ay{ = log th — log Y;Ji ; and changes in the output gap,
as Ay, = Ay{f + Aux;, where the flexible-price output growth process is

Ayr{+1 = (1 - ¢a)0y + gbaAy{ + OyEat+1,

with 0, = %Hm and o, = %aa. This process is only affected by productivity shocks, and
inherits the persistence of the productivity growth process. In the absence of price rigidities the

output gap is zero and production is not affected by policy shocks.

Equilibrium process for output and inflation allow us to obtain the real and nominal stochastic
discount factors in equations (2) and (3), respectively, once the process for the continuation utility
Vi in equation (1) is determined. This process affects the discount factors when the coefficient of
risk aversion 7 is different than the inverse of the elasticity of intertemporal substitution 1»~!. The
appendix shows that the continuation utility with respect to consumption, v; = logV;, — log C},

can be approximated as

Uy = ﬁv + T Tt + Mo 10g Et {exp [(1 - 7) (UtJrl + Ayt+1)]}

= U+ v,Aa; + v,u.

The approximation parameters 7,, 7., and n,, are described in the appendix. The constant
coefficients v, v,, and v,, depend on consumption, production, and policy parameters. Continuation
utility depends on policy shocks when prices are not perfectly flexible. Since v; can be considered
as a measure of economic welfare, it allows us to provide a link between welfare, different policy

rules and their implied dynamics for asset prices.

4 Term Structures of Real and Nominal Interest Rates

The linear solutions for the output and inflation process allow us to obtain affine representations
for the real and nominal discount factors, which in turn imply affine term structures for real and
nominal rates. This section shows that equilibrium real and nominal bond yields in the economy

above can be expressed as linear functions of productivity growth and policy shocks.

It is convenient to group productivity growth and policy shocks in the state vector s; =
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(Aayg,ug) ", which follows the first-order vector autoregression
St+1 = (]I — @)05 + (I)St + 21/2675-1—17 (7)

where I is the 2 x 2 identity matrix,

o = e 0 , 05 = b . X2 = % 0 , and g = Cat :
0 ¢u 0 0 oy Eut

The appendix shows that the real stochastic discount factor M;;; in equation (2) can be
written as
—log Mypy1 =To+ T sy + AT82e,,

where I' = (T'y, T) ", A = Mgy M) T,

Ty — —logfi— [ﬂ} [+ 1oa — (1 = 0)5] — (6 — 73

(L =)o
+ [ +za) = (¥ = 7)va) (1 = da)by,
_ Y =7\ Nz Y-\ 1-7% o
o= - |(F22) e () e b ) - =l
_ Y =7\ Noa p—y\1-%
e = _Kﬁ) vaﬂ] Lﬁ(ﬁ) o D= =)o b

)\a = 7(1 + xa) - (w - V)Um
and A = Y2y — (U — Y)vy.

Similarly, the nominal discount factor in equation (3) is
—log M, =T§ +T%Ts, + N T8V 2%,
where

I8 = To+n" 4+ 7+ 71— ¢a)by,
% = T+ (Tuba, Tubu)',
and A = A+ (m,, m)".

The vectors A and A* contain the real and nominal prices of risk, respectively, of productivity and

policy shocks. The real price of productivity shock, v(1+xz,) — (¢ — v)v, is affected by the output
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gap, and by the continuation utility when ¢ # 7. When prices are not flexible, monetary policy
shocks have real effects and generate uncertainty in the marginal rate of substitution. As a result,
there is a real compensation for policy shocks, vz, — (¢¥» — )v,. The nominal prices of risk reflect

the real prices of risk adjusted by the sensitivity of inflation to productivity and policy shocks.

Real and nominal bond yields are obtained from the pricing equation for bonds. The price of

a real and nominal bonds with maturity at ¢t + n can be written as

exp (—rﬁn)) = Ei[M;44n), and  exp <—i§n)) = EM}y ),

respectively, where rt(") and z‘ﬁ") are the associated real and nominal bond yields, and M, ., and
Mf;t +n are the real and nominal discount factors for payoffs at time ¢ + n. It can be shown that

real bond yields are
ri = A, + Bls,,

where the loadings satisfy the recursive equations

1
A, = To+ A, +B]_(I1—-)0, — E(A + Bn1) SN+ Bh_1),
and B! = TI'"+B

with initial conditions Ay = 0, and By = 0. Nominal bond yields are
i = A% 1+ BT,

with coefficients A? and B? following representations similar to those of A,, and B,,.

5 Analysis

This section provides an analysis of the bond pricing implications of the economic model in section
3. We analyze the short-term real rate, the term premia in real bonds and the inflation risk
premia in nominal bonds. We present a baseline numerical exercise which is complemented with
comparative statics for important economic parameters, and impulse responses to productivity
and policy shocks. Our main interest is to understand how the real effects of monetary policy are
reflected on the real term structure and the inflation risk premia. It allows us to link properties
of bond yields to welfare, and the response of monetary policy to economic conditions. We focus

on the volatility of real and nominal bond yields, the government borrowing costs associated to

12



Table 3: Baseline parameter values.

Parameter Description Value
16} Subjective discount factor 0.997
Y Inverse of EIS of consumption 0.6
y Coeflicient of relative risk aversion 21.2
w Inverse of EIS of labor 0.4
Q@ Degree of price rigidity 0.66
0 Elasticity of substitution of goods 5
0, Average productivity growth 0.001
O Autocorrelation of productivity growth 0.7
Oq Conditional volatility of productivity growth 0.003
¥ Inflation target 0.002
Ou Autocorrelation of policy shocks 0.9
Ou Conditional volatility of policy shocks 0.003
7 Constant in the policy rule 0.0029
- Response to inflation in the policy rule 1.1
1z Response to output gap in the policy rule 0.5

real bonds, and the diversification benefits of real bonds.

Table 3 presents the parameter values used in the numerical exercise. The values are standard
in the macroeconomic literature, except for the coefficient of relative risk aversion v, which under

recursive preferences can be different than the inverse of the elasticity of intertemporal substitution

v

Table 4 shows selected moments implied by the data and the model. The volatility of consump-
tion and output are higher than those in the data, which implies a high volatility for a short-term
nominal yield. However, it also implies a low volatility for long-term yields since the bond volatil-
ity in the model decays fast with maturity. The correlation of inflation and consumption in the

data is negative, while the model implies a positive correlation.

The One-Period Real Interest Rate

The one-period real interest rate is
1
ry =Ty — §ATEA +TI''s,,

and is affected by productivity growth and policy shocks. When prices are perfectly flexible

(v = 0), real rates are not affected by monetary policy. The response of the policy to economic
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Table 4: Data and model-implied descriptive statistics 2004 — 2008.

Unconditional Moments Monthly U.S. Data Model
E[Ad] 0.001449 0.0014
sd[Ac] 0.0025 0.0085
autocorr[Ac]| -0.56 0.2818
E[7] 0.0029 0.0036
sd[7] 0.0024 0.0059
autocorr|r] 0.2411 0.8977
corr[Ac, 7] -0.1685 0.2041
E[i(12)] 0.0031 0.0049
sd[i(1?)] 0.00103 0.0029
E[r(Y)] 0.0012 0.0016
sd[r(4)] 0.00084 0.000355
E[i?Y — (4] 0.0020 0.0030

conditions and shocks in the policy rule do not have any effect on real activity. When prices
are sticky, the volatility of output increases. As shown in figure 1, this increase is reflected in
higher precautionary savings that lower the short-term real rate. Also, the real rate reacts not
only to productivity shocks but also to policy shock. A positive policy shock reduces inflation and
output and increases the real rate. A stronger response to the output gap (a higher 2,) reduces the
volatility of output, reduces the precautionary savings motive and increases the real rate. Figure 2
presents additional comparative statics for the short-term rate. Lower elasticities of intertemporal
substitution of consumption and labor (higher 1) and w) increase the real rate. Risk aversion has
two opposite effects on the real rate. The magnitude of the two effects depend on the coefficient
of relative risk aversion . For low values of v, an increase in the coefficient increases the real rate.
However, as risk aversion increases, the precautionary savings effect becomes larger and reduces

the real rate.

Term Premia
The average spread between long- and short-term bonds contains the average compensation
for risk required by investors to hold long-term bonds over short-term bonds. It can be shown

that average spreads for real bonds satisfy

3
3
—_

_1(n — k)°E [Vart (T,Ei;k)ﬂ = (n—k)E [covt (mt,t_l,_l, rgifk))} ,

k=1 1

nkE [rt(n) — rt} +

N | —

T
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where

3

-1
1
(n=k)E [cov, (miger,ri 7 )| = =(n=1)ATSr@I-0) []1 — (I — ) (11 - 1¢<n—1>)} |
k=1

We can notice that

“ATET = —[y(1 + 24) — (¥ — 7)va]T00? — [y2u — (¢ — )0y |Tuo?.

Therefore, long-term real bonds contain compensations for productivity and policy shocks. The
average real term structure is downward sloping, implying negative risk premia for long-term real
bonds. Negative productivity growth shocks or positive policy shocks increase the marginal rate
of substitution of consumption and, simultaneously, increase the price of real bonds (lower yields).
Therefore, long-term real bonds act as a hedge for consumption risk. The hedging properties of
long-term bonds depend on nominal rigidities and the monetary policy rule as shown in Figure
1. Higher price rigidities increase real term premia. A stronger response to the output gap
and inflation in the policy rule reduce the distortions of price rigidities in the real economy and
therefore reduce term premia. Therefore, when monetary policy is more aggressive, the model
implies larger hedging properties of long-term real bonds. Welfare is higher in economies with
lower price rigidities or stronger policy responses to economic conditions. As a result, economies
with higher welfare are characterized by long-term bonds as better vehicles to hedge consumption
risk. Figure 3 shows additional comparative statics for the term premia of a two-period real bond
for different model parameters. While a higher risk aversion reduces term premia, lower elasticities

of intertemporal substitution of consumption and labor have the opposite effect.

Inflation Risk Premia and Government Borrowing Costs
Nominal bond yields can be decomposed into real bond yields and an inflation compensation
as

mgn) = m"zgn) + E[Wt,t+n] - —Vart(Wt,t+n) + COVt(mt,t—I—n, 7Tt,t+n)u
2

where

n
Tt t4+n = E Ti4-s
s=1

is the inflation observed between ¢ and ¢ + n and

n—1

My t4n = E 1Oth+s,t+s+1

s=1
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is the marginal rate of substitution of consumption between ¢ and ¢t + n. The difference between
nominal and real yields contains the expected inflation during the life of the bond and compen-
sations for inflation risk or inflation risk premia. These premia capture the expected excess real
return for investing in nominal n-period bonds over real n-period bonds for n periods. Investors
require a compensation for holding nominal bonds over real bonds because the marginal utility of
consumption is correlated with inflation and the return of nominal bonds is affected by inflation.
When consumption and inflation are uncorrelated, the expected real returns on real and nomi-
nal bonds with the same maturity are the same. Then, understanding the sources of covariance
between consumption and inflation helps us to understand the determinants of the inflation risk

premia. It can be shown that these premia are

covi(Mipin, Triin) = (n— DT [[+® - K,](I—®) (- o) 'Er

+ AT —®)|T— ?(]1 — @) HI - d")| =,
n

where

Kn = il M+ &+ &1 — &™) (I - &) I — o™ 1),

and m = (m,,m,)". The sensitivities of the real discount factor and inflation to productivity
growth and policy shocks determine the inflation risk premia. Since these sensitivities depend
on monetary policy, it follows that the properties of risk premia are determined by the policy.
Figure 1 shows the inflation risk premium of a two-period bond as a function of the degree of price
rigidity and the response to economic conditions in the policy rule. Productivity growth shocks
and policy shocks generate a positive covariance between inflation and consumption. A negative
productivity growth shock or a positive policy shock increase the marginal utility of consumption,
reduce inflation in the economy and thus increase the price of nominal bonds. Therefore, nominal
bonds in this economy involve hedging properties for consumption with respect to comparable
real bonds. The inflation risk premium increases as the degree of price rigidity increases, since
the covariance between consumption and inflation is lower. A similar effect is observed when the
policy responses to the output gap and inflation in the policy rule increases, since they involve
lower distortions of shocks on inflation on output, that are reflected in a lower covariance. Since
the social welfare associated to more responsive policy rules is higher, the inflation risk premium

is less negative in economies with a higher social welfare.

We can link the inflation risk premium to government borrowing costs. When inflation and

output are correlated the return required by investors to hold comparable real and nominal bonds
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differ. The government then can reduce the cost of issuing debt by choosing between real or
nominal debt. Since the inflation risk premium is negative in this economy, issuing nominal bonds
involves a lower financing cost for the government than issuing comparable real bonds. The savings
become larger for weaker responses to economic conditions in the policy rule. When the economy
is affected by policy shocks and productivity shocks, and monetary policy is conducted in such a

way that welfare is low, nominal bonds involve significant savings over real bonds.

Volatility of Real and Nominal Yields

Table 1 shows that the volatility of TIPS has been similar or even higher than the volatility of
comparable nominal government bonds. It is reasonable then to ask whether different monetary
policies can have different implications on the volatility of real and nominal bonds. We compute
the ratio of the unconditional volatilities of nominal and real bonds implied by the model. In
general, this ratio is

o(ii™) _ B¥Tvar(s,)BE

n

U(ngn)) ~ Blvar(s;)B,

9

e
1-¢3

For low levels of price rigidities, the volatility of the short-term nominal rate is significantly higher

where var(s;) = diag {%, } . Figure 1 shows the ratio for volatilities of one-period bonds.
than its real counterpart. When prices are flexible, price changes (inflation) do not generate
distortions in output and do not affect real rates. Therefore volatility in inflation affects only
nominal rates. As the price rigidity increases, the volatility of inflation is also reflected in volatility
of real rates. Therefore, high price rigidities can explain similar volatilities of real and nominal
yields. The figure also shows that more aggressive responses to economic conditions in the policy
rule reduces the volatility of nominal yields with respect to real yields. The reason is that more
aggressive policies reduce the volatility of output and inflation. As an extreme case, when inflation
is constant, real and nominal rates move one to one. Monetary policy also affects the volatility
of long-rates with respect to short-term rates. For instance, using the baseline parameter values,
the volatility of a 2-year real bond with respect to the volatility of the short rate is 17%, while it
is 34% for their nominal counterpart. As the response of monetary policy to economic conditions

increases the rate of decay in volatility across maturities increases for both nominal and real curves.

The Correlation Between Nominal and Real Bonds and the Diversification Benefits of Real Bonds

An interesting question to ask is whether real bonds provide investors with additional diversi-
fication benefits. The complete-market environment that characterizes the economic model in this
paper does not allow us to obtain a satisfactory answer to this question. However, we can provide

some insights into the benefits of diversification of real bonds and how they depend on monetary
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policy, considering the case of a constrained investor who only has access to a nominal bond with
a particular maturity. Given that there are two sources of risk affecting the marginal utility of
consumption, this investor faces an incomplete market and could be benefited by the existence of
a real bond. We try to capture the risk sharing benefits of a real bond for this investor computing
the conditional correlation between the real return of the nominal bond and the real return of a
real bond with the same maturity. Since the inflation risk premium is negative in this economy,
the expected return of the real bond is lower than the the expected real return of the nominal
bond. The conditional correlation at time ¢ between real one-period returns on nominal and real

bonds with maturity at ¢ + n is

(n) BZAE(Bifl + )
T BB (B + 1) TR(B, )

Figure 1 shows that for low low degrees of price rigidity, this correlation decreases, implying
greater benefits of diversification for the constrained investor. However, as the nominal rigidity
becomes more severe, real returns on real bonds are more correlated to real returns on nominal
bonds. To see this, consider the extreme case of fix prices. In this case, there is no inflation and
real and nominal bonds are perfectly correlated. As the policy response to output and inflation
increases, the diversification benefits of real bonds decline. Therefore, the constrained investor
will be benefited by the issuance of real bonds in an economy with high volatility of inflation and

distortions in output. That is, an economy with low social welfare.

6 Final Comments and Future Work

This paper explores the implications of a monetary policy with real economic effects on the com-
pensations for risk in long-term real bonds and the inflation risk premium in nominal bonds. The
analysis shows that productivity growth shocks and policy shocks imply negative compensations
for risk in real bonds and negative inflation risk premia. Welfare-improving policies increase the
consumption hedging properties of real bonds and imply less negative inflation risk premia, less
volatile real yields and higher correlations between real returns on nominal and real bonds. There-
fore, the diversification benefits of real bonds and the cost savings for issuing nominal bonds over

real bonds increase when monetary policy is less responsive to the state of the economy.

We plan to incorporate to the analysis two important elements. First, the two shocks in
the model economy generate a positive covariance between consumption growth and inflation,

which imply a counterfactual average downward sloping nominal curve. Piazzesi and Schneider
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(2007) show that, under recursive preferences, a negative covariance between consumption growth
and inflation generates positive risk premia in nominal bonds. This positive covariance can be
obtained by introducing markup shocks to the model. Second, compensations for risk do not vary
over time in the model economy, implying constant expected returns on real and nominal bonds
(the expectations hypothesis holds). We plan to introduce heteroskedasticity in policy shocks as

a source of time variation in bond expected returns.
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Figure 1: Comparative statics for the two-period bond term premium, the two-period bond infla-
tion risk premium, the ratio of volatilities of one-period nominal and real bonds, the correlation
between two-period real and nominal bonds (rho), the scaled continuation utility v and the one-
period real rate. The parameters are the degree of nominal rigidity «, the policy response to the
output gap 1., and the policy response to inflation 2.
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for different model parameters.
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Appendix

A ECONOMIC MODEL

A.1 Households

The household’s optimization problem is:

1-v\ T3
max - V(Ct, Ne) = {<1 ~ AU(CL, N+ BB, V)| } ’

st. By | Y MY PiCrs| <E | M (Wi aNips + Py Wis)
s=0 s=0
)
1 01 -1
where Cy = [/ Ct(j)edj:|
0
1
crv o Nfe T
N,) = t _ t
and U(Ct7 t) 1 —1/) l+w

The first order conditions are:

S T a- s - awgp=0
e P )T s =
o+ T )T e (5 B ) T g
Furthermore, 1
o = 5 VT - s

(8)
(9)

—AM{, P =0. (10)

(11)

Combining (8) and (9), we have the household’s intratemporal consumption and labor supply optimality condition:

1— — w
Azf) O _ G _NE W oo,
Viil-p) B W B

Finally, combining (8) ,(10) and (11), we obtain the intertemporal consumption optimality condition:

_ _ _ Y=Y
Mi-w) ot (Cah (VAT [Vlu} =T
Vtw(l - B) P, P Mf,t-s—l 1

To get the pricing kernel, we solve for Mgt 115

— —1
ME,tJrl =0 (ng) (Pgl)
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The IS curve in this economy is
et = E, [ME,M} . (13)

A.2 Firms

There is a dispersion of firms, denoted by j, with identical production technology in the economy. With nominal

price stickiness and monopolistic competition, each firm is faced with the following optimization problem:

maz By |y "My (P Yersjt(7) = Wit () Newsie (1) (14)
t s=0
s.t. Yt+s|t(j) = At+sNt+s\t(j) (15)
. PN’
K+s|t(]): P Yies (16)
t+s
1 ﬁ 1
Y I GRS R a7)
0

Using Calvo (1983) pricing, a firm can choose to optimally adjust price to P, with probability a each period.
Furthermore, ¢ + s|t denotes the value in period ¢ + s given that the firm last adjusted price in period ¢.

The first order condition for firm j is:

Ey

o0
Z asMEHs(Pt*YtJrslt - H5t+st)] =0, (18)
s=0

where p = 9%1 is the frictionless markup in the absence of price adjustment constraint, and S;; 4; is the marginal
(nominal) cost defined as:

14w
_ t+s|t 1
St+s|t - W}/t+spt+s- (19)
t+s

A.3 Monetary Policy

The monetary authority follows the simple Taylor rule below:
it =10+ GrTt + Pulr + Ug,

where uy = puy—1 + oy€yr and x4 is the output gap.

A.4 Market Clearing

Y, =C =YX,
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B BENCHMARK: FULLY FLEXIBLE ECONOMY

B.1 Firms

Under fully flexible prices, firms in the economy maximize profit by solving the following problem:

max Py (7)Y:(5) — Wi () Ne(4)
s.t. Yt(]) = A¢Ni(j)

Y,(j) = [Pt]ﬁj)} Ve rg)-n [Y;(‘Z)} o

After substituting the constraints, the problem can be rewritten as

Yi(j)i=7

—1
0

%)

_Wt(]) At )

max P,
Y:(4) Y,

and the accompanying first order condition is

(e

Applying the definition of P,(j), we have

-
5
<
=

Wi(5) 6
P(j) = jlt)ﬁ’
which can be expressed as
Wii) 1, e e (Ye )
Bl = A=oiNe = () (20)

where p = 1346 denotes the fully flexible markup by the firm. The second equality comes from the household’s
optimality condition, and the third equality comes from the firm’s production function. Furthermore, since the
firms are homogeneous, P; = P;(j), and Y; = C; since there is no investment and government spending. Finally,

the fully flexible output in the economy is

)

o 1 4
Y, = *At—Hu

or in logs:

C Sticky Price Economy

C.1 Households

The household’s utility is:
1— w
C; P . NtlJr

U Ne) = T 1+w’
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where xt11 = (1 —0y)0y + Oy Xt +0y\/1 + Zy 11 €y t4+1. The resulting marginal rate of substitution between labor

and consumption is:
Wi(35)
t

= X CYNY. (22)

C.2 Fully Flexible Output

From (20),

and substitute in (22),

1
—A = eXty;ll)Ntw
1

67Xt
= th+w: m A%er

1
Ay, = ——|[(1 Aay — Axyl.
= Yt ¢+w[( +w)Aay Xt

C.3 Firms

There is a dispersion of firms, denoted by j, with identical production technology in the economy. With nominal

price stickiness and monopolistic competition, each firm’s price setting behavior maximizes the following profit

function:
o0
maz By > oMy (Pr(*) Yirae(5) = Wil () Nesse (7))
t s=0
st Yips(d) = ArysNeyope(4)

) P (Tr*)s -0
Yt+s|t(]) = (tP> Yiis.
t+s
Using Calvo (1983) pricing, a firm can choose to optimally adjust price to P;* with probability « each period. If a
firm does not adjust its price in a certain period, the price is indexed to inflation, 7*. As before, ¢t + s|t denotes

the value in period t + s given that the firm last adjusted price in period ¢.

The first order condition for firm j is:

[ & Wt+s\t }/tJrs|t
E o M3 s<(1—9)(7r*)Y ole — (—0) =22
' _; v T A P;

e’} W s
= B | a"Mf Yo (Pz‘(w*‘fu i t)] =0
Ls=0 s

= E vy, Y
° *(*)s t4s t+s|t
K ZO‘ My Yersls (Pt (7%)° — peXt+ H%hﬂ@)] =0
t+s

Ls=0
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where is the frictionless markup as defined before, and the last equality comes uses the definition, % =

Xt+s w
€ Yt+sNt+s|t

as the following,

yw o xys\ —0 . .
= eX +<Y7’is :;*" Replace Y;,4; by (P‘P(is) ) Yits, the first order condition can be rewritten
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Taking Hy, it can be recursively written such that,
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PR Y )\ Y ) \ Py Py
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= 1+ Oéﬂ'*Et [Aft-i-lHt-l‘l} .

Similarly, G; has the following recursive formulation:

[e%) 14w 14w 14w+ 14w+
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D Taylor Rule Approach

For this section, assume y; = 0 for V ¢.

t+1

D.1 System
et = Ey[M}, ).
P 14+0w "
() w-siva
Py L, N\ |
—al =
Pt 11—« Ht
YE, X s\ 7’
H =1 e | s t+1 Xt41 H
t +a t 41 YtF X, T t4+1 |
and S YE, [ X Loty e\ —1-001+w)
Gy =1+ all*E, | M, s G
t + « t tt+1 }/tF ( Xt ) (Ht+1> t+1
where
“ h—y
YA Y (X ) Y v, _
Mfft+1 =p < ;:;*1> <;(+1) % (Ht+1) ! .
t t Et |:

Vi
The simple Taylor rule is 4, = i + 9,X; + inll; + u;, where

U1 = Pyl + Oy€uytt1-

_ 14w

The fully flexible output in the economy is Ayl = P Aay, where

Aa/tJrl = (1 - ¢a)9a + d)aAat + Oa€a,t+1-
The process for output growth, thus, can be rewritten as:

Aytlj,-l = (1 - (ba)oy + ¢aAth + Oy€a t+1,

_ 14w _ 14w
where 6, = Tﬂbea’ and oy = iy Oa
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D.2 Log Linearization

Combining (24) and (25), we have

1460w

1 m\ 0\ | 7 "
L—Oé<1_a(nt) )] Ht:Xt+th
1+ 6w 1 (1-6)(x* 1) _
17910 La(l—ae ) +h = (w+ )z + gt

(11t6;)) [Dr + Fr(m = mz)] + he = (@ +9)z0 + g2,

incorporating the log linear approximation of 7; around m, in the following:

log {1 (1 - ae“—@)(ﬂ*—m)ﬂ
11—«
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~ log +

Ty — i)

1—« 1 — qe—(1-0)(Mmz—7*)

D,( F‘fr
Dy + Fr(m —my),

where M, = E[my] = 7% + T + pi0,.

To find log linearized value function, we start with the one period utility:
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Define F; = fo ( th ) dj, it can be rewritten as:
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Substitute in (25), we have

—0(1+w)

1 1I* 1-6 1-0 1I* —0(14w)
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which then can be linearized around my = 7" and f;—1 = my, where ™/ = 1;3 = 1 since in steady state,

1—
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F, = F;,_1 = My. Therefore, F}; = 1.

Again, the Epstein-Zin utility is of the following form:

1—1

VAT = (1= BU(C, N) Y 4 BB [V T

Let v; = log%t7 the recursive utility in log form is:

1 _ 1
1—¢ pl4w
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1 _
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Taking logs on both sides, we then linearize around z; = Z and Y; = T:
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where the second line is the result of a first order Taylor expansion around the steady states.

T = ()l (L= )E (=)t v+ 2a)0, +
S0 =200+ w0 2007+ £ (1= 7) (0 + )03

To linearize H;, we combine (26) and (28):
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Note:
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where line two employs the first order Taylor series approximation.
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Furthermore,

[1h
|

- _(1_’Y)xagy_7_T+('¢)_’7)'D+E+[(1_7)(1+xa)_7ra+(1/]_7)va+ha]9y+

S0 =1 420) = o+ (= e bl 03 4 5 [ =) = T+ (= 7)o + a0
-~ 1
an [(1 - ¢)5 — Mo — NuaT + ((1 - 1/))”0, - quiEa)@y]

To linearize Gy, we combine (27) and (28):

b=y
YF 1— X 14w T —0(14w) v
edt =14 afE, (}f;) ( )t(+1> (H ) tiﬂl G
t t+1 1~ | T
t B Vi
Note:
V;ﬁ+1 €Ut+1+Ath+1+Awt+l
and from (34)
1
logE, [e(kw)(mﬁAygﬁAmH)} = — [(1 — ¥)v — Ty — Dot
v
therefore,
[ - Y-y
- -0
logE Vi X\ P () Vit G
INYE Xi 1) 1-y] T i
bl
[ - +AYF L +A |
= logE, |e0=AY L+ (1+0)Ani 1 —0(14w) (r" i) Wt At Aeee) Gis1
61{)::‘7 mlm [(1=Y)ve =T —Nwamt]
[ a—yayF, 4 A 0(1 . e ve
— logB, |0V (et AT 00 i) L Gt+1]
L eT=—7 Mo [(1—1/2)1%—%—?7%961,]
= lOgEt _e(l—’Y)Ayf+1+(1+w+1/1—’)’)Amt+1—9(1+w)(ﬂ*_wt+1)+(111—'y)vt+1+gt+167%mlm [(17w)vt77771)777ux$t}:|
= logE, _6(17“/)Ayf+1+(1+w+1b*7)Am+179(1+w)(7r*,m+1)+(1/1*’7)vt+1+9t+1 _ %% [(1 _ Zb)vt — Ty — nva:l't]
- v

= 9,
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Now, log linearized around ®;, = ®:

g = log [1 + aﬂei’f]
ozﬂe<T> -
~ lo [l—t—oze} + — (-
g b 1+ aﬁeq’( ! )
tog [1 +a6e?] - 0 g 0T V1 L gy e+
= o ape - = - = - - UVt — Ny — Nyal
J 1+ afBe® 1+ aBe® 1 —7 Ny £ Tt
LlOgEt |: (1—W)Ayf+1+(l+w+1[1—'y)Aa:t+1—9(1+w)(ﬂ'*—7rt+1)+(w—'y)vt+1+gt+1j|
1+ aBe?®
5] ape® o aBe® Y—ym  ape® Yp—y1-v¢
= log [1 + aﬂeﬂ - D+ = - — = vy +
1+ afe® 1+ afe® 1=7mp 14+afe®1—7 Ny
Mg Ngv
) )
afe® P =N 4+ afe” logE, |:6(17'y)Ayf+1+(1+w+¢*W)AIt+1*9(1+W)(7T**Wt+l)+(¢*"/)vt+l+9t+1:|
14+ afe® 1= Ny 1+ afe?
———
Ngax Ngg
= Mg+ NgoVt + NgaTt + NgglogEy [e(lfv)Any+(1+w+¢*V)AIt+1*9(1+w)(7f**m+1)+(7ﬁ*7)vt+1+9t+1} )
Furthermore,

O = —(I4+w+y—7y)z by +0Q1+w)T+ (W —7)0+7g+
L=+ 1 +w+v¢—=7)za+ 01 +w)Ta + (¥ —7)0a + ga] Oy +

—~

(1= + (L 4w+ 9 = Naa + 01 +w)ma + (& = 7)va + ga] 02 +

N~ DN —

[+ w+ ¢ = e+ 01+ w)my + (¢ = 7)vu + gu]> 02 —

Y-y 1

1= Do [(1 - ¢)77 — Ty — Mol + ((1 - w)va - nvzxa)ey]

To summarize, the log linearized system is:

e = E [Mt t+1] (35)
s = (55 IDet Felo ] e (o4 ) (36)
vy = ﬁ {777 + Noat + NoulogEy [e“*v)<”t+1+Ayf+1+Mt+1)] } (37)
hi = Ty + Mot + MhaTe + Mrnlog By {6(1_7)(Ayf+1+M”+1)+(1_e)(”*_””“H(w_w”“ﬁht“} (
g = T+ Tguts + Mgt + NgglogEy [6(1‘7>Ay5+1+(1+“+""7)A”“+1‘9(1“)(”*"”“”(w”)“t“*"’”l} (
ir = i+ ipTy+in(m— ) +ug (4
Ut41 =  Pyult + Oy€y il (
Ayfon = (1= 0a)ly + Gy + oycarin, (

where we have shut down the ARG processes from the original system.
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D.3 Solution to the System

We guess the solutions to the system are affine in the state variables, thus:

vy = T+ xaAyf + T, Uy
m—T" = T+ waAth + T Ut
he = h+hoAyf + hyuy
9 = G+ 9.0y + guu
v = U4V AYL + v

From (36),

g +gaAth + guut
1+ 6w
1-6

) [Dr + Fr(n* + 7 + ma Ayl + muue — W) | + b+ o Ayf + hyus — (w0 + ) (T + 2o Ayf + zoue),

then use matching coefficients:

1+6 -
Const (1+_;j>[Dﬂ—|—Fﬂ(7r*+7_r—m7r)]+h—(w+1/))a_c—g:0
1
Ath : (1+_H;J>Fﬂﬂa'f'ha_(w"’_w)xa_gazo
1+0
e () o
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From (38),

h+ haAth + hyuy
= T+ o (0 + 0 Ay + vate) 4+ Mhe (T + 2o Ay; + zuti) — (1= V)00 (T + 2o Ayp + zus) +
nnnlogEx [e(l—w)(Ay,ﬂl+.»z+zaAyf+1+zuut+1)—(1—9)(ﬁ+ﬂaAth+1+nuu,,+l)

e(w—w(amAyfﬂ+uuut+1)+ﬁ+haAyf+1+huuz+1]
= M+ Mo (0 + vaAy; + vate) + Mha (T + 2o Ayl + zyue) — (1= V)00 (2 + 2o Ay; + zue) +
i [(1= )T = (1= 0)7 + (¢ — )0 + k] + nunlogEy [e[ﬂ—ﬂ<1+%>—<1—9)%+<¢—W>”a+ha1ﬂyfﬂ
e[(lfwm7<179>m+<ww>vu+hu]ut+1}
= M+ Mol + Tha® + rn [~ (L= )7 + (b = )0 + h] + [Mhova + Mha®a — (1 = V)naza) Ayp
[MhoVu + MhaeTu — (L= ¥)Mha2u] we + an X
{lQ =)0+ 2a) = (1= O)ma + (¥ — Y)va + ha] e[ Ayl ]+
21+ 20) = (1= O (6 — )0+ hvar(Ayfly) +
(1 =7y)zw — (1= O)7y + (¥ — 7)vu + hu] Bi[usa] +
510 =) (1= 0)m + (6 = 7)o+ Prari(vern) |
= M+ Mol + Tha® + hn [~ (L= )7 + (b — )0 + h] + [Mhova + Mha®a — (1 = V)naza) Ayp
[MhoVu + MhaeTu — (1= ¥)Mha2u] we + an X
{l0 =1 +2a) = (1= )7 + (¢ = Vva + hal[(1 — ¢a)by + dalyf |+
S+ 20) = (1= O)ma o+ (6~ 7)o + b0 +
(1 =Mzw = (1= )7y + (¥ = V)vu + hulduus +

10 = = (L= O+ (0= + o}

then use matching coefficients:

Const = h =T+ Nho¥ + Mhal + un [—(1 — 0)7T + (b — 7)o+ h] +
i {11 =)L+ 24) = (1 = )70 + (¥ —7)va + ha](1 — da)by +

0= DL+ 20) = (L= 0, + (6 =)+l 4 [ = D)= (1= ), + (6 = 7)o + P |

Ayl 1 ha = [Mheva + MheTa — (1 = V)Manta) + Man[(1 = ¥) (1 + 2a) — (1 = 0)7q + (¥ — 7)va + halda
Ut hy = [MhoVy + ey — (L= Y)0anu] + 00n[(1 — 7))z — (1 — )70 + (¥ — V)V + Ao o
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From (39),

g+ gaAyf + guy
= g+ ngv(ﬁ + UaAyéTJ + v ug) + 77996(9_3 + l'aAyf +zuu) = (1+w -+ — 'Y)ng(j + zaAyf + Tuur) +
nqqlogEt I:e(l_'y)Anyrl+(1+W+¢'_’Y)(-"E+$aAyf+1+Iu,ut+1)+9(1+w)(‘7r+7raAth+l+7ruut+1)
e(w_'Y)(5+UaAyf+1+vuut+l)+§+gaAth+1+guut+1:|
= 7g+ ngv('ﬁ + UaAyf + v ug) + ng(i“ + xaAyf +zyup) = (1+ w4+ — '7)7799(j + -TaAyéD + zuur) +
Moy [(L+ @416 = )& + 8L+ W)+ (10 = )0 + ]+ yglog By [l bty )t 0Lt mec (=)0l
e[(1+w+w—v)xu+9(1+w)wu+(ww)vu+gu]ut+1]
= Ty +1guT + NgaT + Ngg (01 + )T + (¢ = 7)T + g] + [gova + Ngaa — (1 +w + ¥ = 7)1gg2a) Ayf’
[ngvvu + Ngz Ty — (]- +w+ dj - ’Y)UQQ"TU] Ut + Ngg X
{[(1 - ’Y) + (1 +w+ 1/) - V)Ia + 9(1 + w)ﬁa + (’l/) - 7)”(1 + ga]Et[Ayg-l]+
1
L =)+ (w4 = )+ 0L+ @)+ (6 — i+ gulvare(Ayfi) +
[(1 +w+ w - rY)xu + 0(1 + w)ﬂ-u + W - ’7)Uu + gu]Et [Ut-&-l] +
1
S0+ 0= 2)e + 000+ )+ (6= + guPoarunes)
= Ty +1gu0 + NgaT + Ngg [0(1 + )T + (¥ = 7)T + 3] + [gova + Ngaa — (1 +w + ¥ — 7)1gg2a) Ayf’
[ngvvu + Ngz Ty — (]- +w+ dj - W)Uggf”u] Ut + Ngg X
{{0=+ A +w+¢—7)za+ 01+ w)ma + (¥ — 7)va + gal[(1 = $a)0y + Pa Dy 1+
1
5[(1 YN+ A4+w+ =)z, + 01+ w)mg + (¥ — 7)v, +ga]20§ +
[(1 +w+ w - W)xu + 0(1 + w)ﬂ-u + W - V)Uu + gu]¢uut +

5+ 46 = e+ 81+ wm + (6= o+ )

then use matching coefficients:

Const : §=Tg~+ Ngu0 + NgaT + 1gg [0(1 + w)T + (¥ —7)0 + g] +
Ngg {[(1 - 7) + (1 +tw+y— V)xa + 9(1 +w)7ra + ("/’ - V)Ua JFga](l - ¢a)ay +

%[(1 =)+ (w9 = 7)ae + 01 +w)me + (¥ = 7)va + gal "oy +

I w46 = e 461+ )m + (6 =)o+ g0}
Ayf * Ga = [ngva + NgzTa — (1 +w+yY— ’Y)nggxa] +
Nggll =) + 1 +w+ ¢ —7)za + (1 + w)ma + (¥ — V)Va + galda
Ut Gu = [nguvu + NgaTu — 14+w+— ’Y)nggxu] + 7799[(1 +w+ Y =)z, + 01+ w)my + (Y = 7)vu + gulPu-
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Then, combining (35) and (40),

efgfiwwtfi,r(ﬂ'tfﬂ’*)fut

_ g B v v Xiq1 v Vt+1
e\ yF X, HtJrl B, [vi- 117

P—y

- E ﬁ Ytil v Xit+1 v
Sl \yF X, Hlﬁ+1

e =3 s (A=) v =T = 11w 4]

(=1 (Vi1 +Ayt+1 +Az¢11) ‘|

- E elOg,Bfﬂ'*7’!,[)Ath+171/)AIf,+l+(7r*7ﬂt+1)
Y=y _1
e 1= nuv

[(1_w)vt_777_77vzlt]

e(¢*7)(”t+1+ﬁyt+1+Amt+1) ]

Taking log on both sides,

—i — gy — i (T — T) — Uy

1- Y Tw
. -~ 1
= g8 - — Lo L {1 = )y — 7y — ] + 7w+
1- Y Tw
logEt |:6 YAY 11 =YV (FHTa Ay HTuus 1)+ (P—7) (0+va Ayy g +Vutt41) (Tr+7raAyt+1+ﬂ-uut+1)}
—y 1 _ o
= logB—m" — %777 (1= Y)ve =T — uame] + v — 72 + (Y —7)0 —
logE, [ [~y (1+@a)+($=7va—ma] Ay +H—ru+ (¥ 7)7)u—ﬂu]ut+1}
-7 1
= logf — " — %7 (1= 9)@ + valyl +vutne) =Ty = Mua(@ + 0By, + zuwr)] +9(F + 2y + wye) -

3 =20+ 20) + (9 = 7)va = mal? 2 +

YT+ (1/1 - 7)1_) -7+ [_7(1 + xa) + ('l/) - ’Y)va - 77&] [(1 - ¢a)0y + ¢aAyf} 9

[_’Yl'u + ('l/) - ’Y)'Uu - 7Tu] Puliy + % [_’qu + W - ’7)vu - 7ru]2 037

then use matching coeflicients:

Const : —i—i,T —i,7 =logB— 7" — wfvmu (1 =)0 =T — NuaZ] + (Y — 7)o — T +
[0+ 20) + (% = 1) = Tal (1= 9)6y + 5 [=7(1 +2a) + (& = s = w07 +
5 272+ (@ = ou = m]* o
By i = i = = (1= )t = sl 5+ (1 )+ (=)0 = 7] 6,
W s iy = i, = 1= =5 (1= Yo, o]+ 9+ [0+ (8= 7)o = ]
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Finally, take (37),

v+ vaAyf + v Uy

1
= W {7]7 + nva:(j + xaAyf + xuut) - nvv(l - 7) ("E + waAyf + xuut)"'

nvvlogEt [
1
= ) {M + 0oe (T + 2aAy; + zutty) — Nou(1 —7)(Z + TaAy; + zouy)+

Moo (1 =) (0 + Z) + 1uulog By [eﬂ—w[<1+va+wa>Ayf+1+<vu+wu>w+1]} }

e(m)[(Mamfﬂ+vuut+1>+Ay{11+(f+quyf+1+zuut+1>}] }

1
= m {777 + Mo (T + xaAth +zyu) = Moo (1 —7)(Z + xaAth + Ty )+

1
Moo (1= 1)@+ 2) + 10w (1 = V)L + va + @) [(1 = )0y + Saly ] + S0 (1 = 7)* (1 +va + 70) 05 +

1
nvv(l =) (v + Ty) Puus + 577111)(1 - V)Q(Uu + xu)Qai} )

then use matching coefficients:

COTLSt ( _w)@:m+nvx‘%_nvv(l_7)‘%—"_77'01)(1_’Y>(’D+E)+nvv(1_7)(1+va+xa)(1_¢a)9y+
1 1
invv(l - 7)2(1 + Vo + xa)Qai + 5771)1)(1 - 7)2(1)71 + xu)2012L
Ath V)Va = NoaTa — Noo(1 = V) Ta + Now (1 =) (1 + 4 + 24)da

(1-
Ut : (1 - w)vu = Moz Ly — nvv(l - 7)xu + nvv(l - ’Y)(Uu + xu)dju

D.4 Pricing Kernel in Sticky Price Economy

The real pricing kernel in this economy is:

" =y
Vi Xp\ Y Vg1
Mo = 057 ) \x0) | =
1— -
{ E, {Vt-uq
= B Vi X\ eV N@er1+8y[ 4 +Az141)
Y;F X T:;Y logEy [e(1_’Y)(”t+1+A?’f+l+A”+1)]

= B YT (X eV
S/tF Xt 61{1:;! ﬁ[(l_d))vt—m_nvmmt] ’

and the nominal pricing kernel is:
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. Mypa if I° = 0;
Let M, = { A N then
tt+1 1 =1
logM?, ., = —I AyF + A il BT "
—logM 11 = —logB+yAy; 1 + YAz 1 — (¥ — ¥)vey1 + ﬁ T (1 =)ve =Ty — Noate] +

I8 [(me — %) + 1]

— 1 [ /) — ] — 1—
— logh— (1/1 7) Lo e (dﬂ 7) Tow xt+(¢ 7) ¢Ut+
1_’7 v L 1_’7 Thv 1_7 Moo

18 = (6 =+ 17+ [1(1+30) = (0 = )va + ] Ayl + [12 = (0 = ou + P | wre

B 1 [ - v 1
= —logh — (M) — 7+ I8 — (M) Tz 5| (@ + 2Dyl + zaus) +
1_’7 v L 1_7 Thv i

—

(H) 1777 v (0 + va Ayl + vuuy) + 4% — (Y — )0 + P71 +

['Y(l + ma) - (1/1 - ’Y)Ua + I$7Ta] [(1 - (ba)ey + ¢aAyf + Jyea,t+1] +

['qu - (¢ - ’Y)Uu + I$7Tu} [¢uut + Gueu,t—&-l]

= togB— (L) L s (LX) Moy (VY I et
1=5/ N 1—7/ N 1=v/ N

157+ [3(1+ 2a) = (6 = 3)va + IPra| (1= 600y +
{— [(M) Tz 7} Ta + <¢_7) Ly, [7(1 +2a) = (Y =7)va + I$7Ta} %} Ayl +

177 Moo 1*7 Thov
L) B (522 e bt el
L=5/ N 1—v Nov

[7(1 +za) = (Y —7)va + I$7Ta:| Oy€a,t+1 + ['737u — (Y =)vu + I$7ru] Ou€u,t+1
= Tog+ FaAth + Dyuy + Aagyea,t-&-l + >\u0'u€u,t+17

where
= - - —7 ii x4 o2y D Nz | _ u 1—’¢7_ -
oo logﬂ (1—7>nvvn”+1(ﬂ +7T) [(1—7>le]$+<1—7> o v (¢ ’Y)U—i—
{’Y(l + %) = (¥ —7)va + I$7Ta} (1- Pa)by
_ V=7 Noa Y-\ 11— .
e = _KM) 77m;+7] xa+<M> ™ va+{’7(1+xa)—(w—'y)va+l wa] b
_ (=) e A o .
e = [(17)nvv+’y:|xu+<lry) » vu-l-[%”ﬂu (¢ 'Y)Uu‘f'l Wu}(bu
Aa = {7(14'%)—(1#—7)%4—] wa}
A = [m—(w—v)vu+1$7ru].
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D.5 The Term Structure of Interest Rate

n n—1

_ Et |:67F07FaAth7FuUt*>‘ao'y5a,t+17)‘uau6“vt+167An717Ba="71Ath+1iB”’”’1ut+1:|
— e—Fo—Fa,Ayf—Fuut—An—1Et I:e_)\a,gyfn,,t+1_Ba,,n—lAyf+1:| E, [e_)\ug'u,eu,,t+1_B71,,n—1ut+1]

_ 6{_FO_FaAth_Fuut_An—l_Ba,nfl[(1_¢a)‘9y+¢'aAyt]+%(Aa+Ba,7zfl)2U§} X

e{fBu,nflmutJr%(AquBu,n,l)203}

. (1) _ _ F_ .
Since e~ = ¢~ An~BanAyy —Buntt we can match coefficients to find A,, B, and By, :

1 1
*An = *FO - An—l - Ba,n—l(l - ¢a)9y + §(>\a + Ba,n—1)2o—§ + §(>\u + Bu,n—l)Qo—i
_Ba,n = _Fa - Ba,n—1¢a
_Bu,n = _Fu - Bu,nfl(bu

where AO = Ba,O = Bu10 =0.
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