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Sources of Positive NPV

Adoption of an investment project can often generate future valuable investment

opportunities as a result of information and relationships, not considered by DCF

Sources of competitive advantage — Barriers to entry, e.g., patents of drugs

Economies of scale, per unit production cost declines with the scale of production,

making producers of large quantities more efficient than small producers

Economies of scope, a certain product or service can be supplied more efficiently

by a firm that makes a related product
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Because subsequent opportunities will only be pursued further if they prove to

be valuable, they are options

The option to expand, to cancel, to downsize

Use real options approach to value these strategic options

Very crude calculations, however
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Valuing the Shutdown Option

Value a copper mine with no shutdown option

The cash flows of a copper mine are largely determined by the price of copper

Suppose extract the mine in two dates, 1 and 2, then cash flows are

C1 = p1Q1 − K1

C2 = p2Q2 − K2

where Ct, t = 1, 2 is cash flow, pt is unknown price, Qt is the amount of extrac-

tion, and Kt is extraction cost
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Profits from a copper forward contract are also determined by the copper price

A forward contract is an agreement calling for a future delivery of an asset at an

agreed-upon price

Examples of assets are agricultural commodities, mentals and minerals, foreign

currencies, and bonds and stocks

Profits on positions at maturity:

• Long forward = spot price minus forward price

• Short forward = forward price minus spot price

No cash changed hands at the time of entering the forward contract
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Exhibit 12.1 Cash flows of forward contracts to exchange Qt units of copper for

cash at future date t = 1, 2

The cash flows of the copper mine can be replicated by the tracking portfolio:

• A forward contract to purchase Q1 units of copper at date 1 at the current

forward price of F1 per unit, and a second forward contract to purchase Q2

units of copper at date 2 at F2 per unit

• A risk-free zero-coupon bond paying F1Q1−K1 at data 1 and a second risk-free

zero-coupon bond paying F2Q2 − K2 at date 2

• Adding up the two positions gives p1Q1 − F1Q1 + F1Q1 − K1 = p1Q1 − K2

at date 1 and similarly at date 2
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Exhibit 12.1: Cash Flows of Forward Contracts to Exchange Qt Units of Copper for Cash 
at Future Date t



Because entering the two forward contracts does not involve any cost at date 0,

the value of the copper mine equals the PV of the two risk-free bonds

PV =
F1Q1 − K1

(1 + r1)
+

F2Q2 − K2

(1 + r2)2

with rt, t = 1, 2 the yield to maturity of zero-coupon bonds maturing at date t

Example 12.1 Lincoln Copper has a mine that produces 25,000 pounds of copper

at Year 1 and 50,000 pounds at year 2. Extraction costs are $.10 per pound.

The current forward prices are $.65 and $.60 per pound for one-year and two-year

contracts, and the risk-free rates are 5% and 6% in Years 1 and 2, respectively.

PV =
$.65(25, 000) − $.10(25, 000)

1.05
+

$.65(50, 000) − $.10(50, 000)

(1.062)
= $35, 345
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Exhibit 12.2 Future cash flows and current costs of copper mine versus portfolio

of forward contracts and zero-coupon bonds

Valuing a mine with an abandonment option

Example 12.1 assumes that amount of extraction is known, in the real world, one

can adjust this amount according to market conditions (strategic options)

For example, the owner can shut down the mine when ptQt is less than extraction

cost Kt, the cash flows are then max(ptQt − Kt, 0), similar to a call option

Example 12.2 Valuing a copper mine with a shutdown option. A mine can

produce 75 mil pounds of copper. Two possible prices, $.50 per pound when

demand is low and $.90 per pound when demand is high.
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Exhibit 12.2: Cash Flows of Copper Mine versus Portfolio of Forward Contracts and Zero-
Coupon Bonds

1.062

Beginning of First Year End of First Year Beginning of Second Year



Extraction cost is $.80 per pound, so shut down when demand is low. Year 1

forward price is $.60 per pound. One-year interest rate is 5%. What is the value

of this mine?

Exhibit 12.3 Payoffs of a copper mine with a shutdown option

Price by replication with the binomial tree. Find the portfolio of forward con-

tracts and risk-free zero-coupon bonds that track the mine’s future cash flows

Let x be the pounds of copper purchased forward, y be dollars invested in bonds

When demand is low, then the tracking equation is

x($.50 − $.60) + $y(1.05) = $0
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Exhibit 12.3: Payoffs of a Copper Mine with a Shutdown Option



When demand is high, the tracking equation is

x($.90 − $.60) + $y(1.05) = 75, 000, 000($.90 − $.80) = $7, 500, 000

Solving two equations for two unknowns yields x = 18, 750, 000 and y = $1, 785, 714

invested in zero-coupon bonds

The value of the mine equals the cost of replication, $1,785,714
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A Detour to Risk-Neutral Probabilities

A concept in derivative pricing, see Grinblatt/Titman 7.3

Risk-neutral probabilities are a set of weights applied to the future values of

the underlying asset along each path, so that the expected future asset value

generated by these probabilities, when discounted at the risk-free rate, equals

the current value of the underlying asset

Why risk-neutral probabilities? The derivative value relative to the value of its

underlying asset does not depend on risk preference. Pretending risk-neutrality

is a valid/convenient way to derive the no-arbitrage value for derivatives
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Example 7.8 Suppose S&P 500 has a current value of $1,275. There are two

states in the world, Up and Down, and S&P takes the value of $1,500 and $750,

respectively. Risk-free rate is 10%. Find risk-neutral probabilities

Let π be the risk-neutral probability of Up state, then

$1, 275(1.10) = π$1, 500 + (1 − π)$750 ⇒ π = 0.87

In general, π makes the expected return of an asset equal the risk-free rate

πu + (1 − π)d = 1 + rf ⇒ π =
1 + rf − d

u − d

where u (d) is 1 plus return of the underlying asset at the Up (Down) state

Not the actual probabilities of the two states, which are unspecified
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Risk-neutral valuation steps

• Identify risk-neutral probabilities consistent with investor being risk neutral,

given the current value of the underlying asset and its possible future values

• Multiply each risk-neutral probability by the corresponding future value for

the derivative and sum the products together

• Discount the sum from the last step at the risk-free rate

Result 7.6 Valuation of a derivative based on no arbitrage between the tracking

portfolio and the derivative is identical to risk-neutral valuation of the derivative
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Valuing the Delay Option

It is often better to delay initiating a positive NPV project because the NPV of

waiting can be even higher

Example 12.5 Acme considers building a plant with an initial investment of $100

million. Can initiate it now or wait and initiate it in one year.

Exhibit 12.5 Cash flows for Acme’s plant timing decision

Risk-free rate is 5%

1$ invested in the market portfolio today can be either $1.30 or $.80 next period

Should Acme take the project now or wait for one year?
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Exhibit 12.5: Cash Flows for Acme’s Factory Timing Decision in Example 12.5



Two mutually exclusive projects with the higher NPV project winning out

Suppose take the project now. In the good state, the plant’s value at Year 1 is

$10 + $15/.05 = $310 million. In the bad state, $10 + $2.5/.05 = $60 million

Calculate risk-neutral probability associated with the market portfolio

$1.05 = π($1.30) + (1 − π)($.80) ⇒ π = 0.50

Using risk-neutral valuation, the NPV of taking the project immediately is

.5($310) + .5($60)

1.05
− $100 = $76.19 million > 0

The NPV of waiting and investing only in the good state is

.5 × $15/.05 − $100

1.05
= $95.24 million > $76.19 ⇒ Wait
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Valuing Expansion Options

Assessing the flexibility in real investment in a dynamic and uncertain world

Flexibility, the ability to expand, to scale back, to abandon

Example 12.6 Valuing an expansion option

Acme is considering building a plant. At Year 1, if the state of the economy is

good, Acme can double the capacity by investing another $140 million

Exhibit 12.6 Cash flows with no capacity change in Year 1

Exhibit 12.8 Risk-neutral probabilities
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Exhibit 12.6: Cash Flows If There Is No Capacity Change at Year 1



Cash flows with capacity doubled in good state in Year 1

Year 0 Year 1 Year 2
−$140 million B. Good state : − 140 million D. $400 million

E1. $300 million
C. Bad state E2. $150 million

F. $100 million

Value the plant without the expansion option by backwards induction

At node B, the plant’s value is .53($200)+.47($150)
1.05 = $168.10 million

At node C, the plant’s value is .35($150)+.65($100)
1.05 = $111.90 million

At node A, the plant’s value is .5($168.10)+.5($111.90)
1.05 = $133.33 < $140 million

Negative NPV without valuing the expansion option
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Now value the plant with the expansion option

At node B, the plant’s value is

−$140 million +
.53($400) + .47($300)

1.05
= $196.19 million

At node C, the plant’s value is the same as in the previous case

At node A, the plant’s value is

.5($196.19) + .5($111.90)

1.05
= $146.71 > $140 million

Positive NPV with the expansion option!
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